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Projected area of roughness particles 
Surface area of bed 
Body force components 
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Sediment concentration at distance a from bed 
Form drag coefficient 
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Mass rate of settlement of suspended particles 
per unit area 
Dimensionless quantity defined as R.;½cd(Ap/As) 
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z, 
Maximum value of u 
Wall friction velocity defined as u*=/t 
Velocity difference between u(y+l) and.u(y) 
Velocity difference between u(y) and u(y-1) 
Transverse velocity component 
Transverse mean velocity component 
Transverse fluctuating velocity component 
Settling velocity of suspended particles of 
given grain size 
Velocity component in z-direction 
Mean value of w 
Fluctuating component of w 
Mutually orthogonal coordinate directions 
Proportional constant for mixing length defined 
by Prandtl and von Karman 
Kinematic eddy viscosity 
Sediment concentration diffusion coefficient 
Dimensionless ratio defined as)\ =€s/€m 
Dynamic viscosity 
Kinematic viscosity defined as V �P/s 
Density 
.Apparant shear stress 
Total shear stress at wall 
Roughness shear stress 
Total shear stress 
Viscous shear stress 
Dimensionless quantity defined as 8 :::U/u�f 
8m 
Dimensionless quantity defined as 8m::UmaJ u
-ii-
8s Dimensionless quantity defined as 8 s=? s/u-�f 
1 Dimensionless quantity defined as 1=Y/h 
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1-i Statement of Problem. 
CHAPTER I 
INTRODUCTION 
It has long been recognized that the transport of sediment in 
· water conveyance channels, such as rivers, streams and canals, is a 
serious and somewhat baffling problem. Not only does the transport 
of sediment affect the water quality and deposition in reservoirp, · 
but it also leads to increased erosion. In addition, the energy 
given to the movement of sediment is a loss of energy from the water 
stream itself insofar as its flow rate is concerned. The movement 
1 
of sediment is a complex function. One of the primary factors in the 
determination of the transport of sediment is to evaluate the sedi­
ment concentration distributions in channel flows. It is ·generally 
divided into suspended sediment concentration and the bed load. The 
determination of the suspended sediment concentration distribution 
requires very accurate computation of the velocity distribution in 
the channels. It has been observed that equations used at present 
very often lead to error in the prediction of the suspended sedimeht 
load. 
1-2 Purpose. 
It is the purpose of this Water Re.sources Institute research 
project No. SRI )558 A to provide a new theory for both velocity and 
suspended sediment concentration distributions to take the place of 
the questioned theories used at the present time. The study of this 
paper is a part of this research project and its principal interest 
is the evaluation of the current theories and the derivation of new 
theories. 
1-3 Procedure. 
The general procedure of this study includes four major parts: 
(1) Reviewing current literature for the existing theories.and 
hypotheses, making a thorough evaluation of all assumptions in order 
to point out all questionable points in the analyses. Concurrently, 
pertinent results on velocity and suspended sediment concentration 
distributions measured from either laboratory eJ<Periments or field 
studies will be gathered by another research assistant. 
(2) Providing new and reasonable postulates based upon physical 
descriptions and pursuing new theories for the open channel velocity 
distributions and suspended sediment concentration distributions. 
(3) Comparing new theories to current accepted theories and to 
any pertinent data collected in part (1). 
(4) Discussing and comparing the results, indicating the va­
lidity and advantages or disadvantages .of the proposed.theories and 
making recommendations for future study. 
2 
3 
CHAPTER II 
ANALYSES ON VELOCITY DISTRIBUTION 
2-1 Governing Equations of Motion_. 
The complete governing equations of motion of steady, incompress­
ible, viscous fluid flow are the so-called Navier-Stokes equations* and 
the continuity equation. Written in Cartesian form they are 
(1) 
(2) 
(3) 
and 
!..Y.. + � t aw = 0 (4) ax ay �2 
These equations are derived with respect to laminar flow. In turbu­
lent flow, turbulent velocity fluctuations are assumed to be superim­
posed upon the mean motion. The extreme complexity and random nature 
of the turbulent fluctuations make it impossible to deal with actual 
velocities in turbulent flow. A statistical approach of using the 
mean time average to each dependent quantity becomes necessary. If 
the time average of the velocity components in Cartesian coordinates 
are denoted as u,v, and w, the pressure asp, and the fluctuation 
velocities and pressure as u' ,v' ,w', and p' respectively, the velocity 
components and pressure can then be given as 
*Schlichting, Hermann: "Boundary Layer Theory" McGraw-Hill Book Co. 
Inc., New York, 4th ed. 1962, . pp. 42-54. 
u = u + u' , v = v + v' ' w = w + w' , 
4 
p=p + p' .  
After taking the mean time average for all quantities and rearranging 
terms, -l� the Navier-Stokes and the continuity equations become • 
·- - 3v - - . -r--; °'"U.+v!r + w-)= -!F -B + 11fv-o[a<u'o ..,.alvf + aCvw2J .1, ... � •� az •� '3 r- " �x a!;/ az. 
and 
• 
(5) (6) 
(7) 
(8) 
Each term in equations (5) to (7) is in the form of force per unit 
volume. These equations are identical to the laminar flow equations 
(1) to (3) except for the terms in the last bracket of each equation. 
It is logical to assume that the mean time average_flow behaves in the 
same manner as a laminar flow except that these additional hypothetical 
forces, which account for the turbulent effects, are present. These 
latter forces per unit volume are called apparent forces. 
Attention will now be focused on the case of a well-established, 
steady, incompressible flow of a two-dimensional nature. The x­
direction is chosen to be set parallel to the flow with the y-direction 
transverse to it. Then, assuming applicability of Prandtl' s 
➔l-Shames, Irving H.: "Mechanic� of Fluids" McGraw-Hill Book Co. Inc., 
New York, 1962, pp. 314-320. 
5 
boundary layer order-of-magnitude analysis, * the simplified equation of 
motion is arrived at 
dP ,2.-+ B -- ,J � a -Ji' " ,,..,. 'Jyi - J dy ( u'v') (9) 
This equation contains unknowns u and u1 v 1 in y, thus making it non­
integrable for the present. A relationship between these two dependent 
quantities must necessarily be sought. 
2-2 Mixing Length Concept. 
Great efforts have been made to understand the mechanism of the 
fluctuating turbulent velocities. Because of its extremely complex 
nature, it is not very likely that science will ever achieve a 
complete understanding and a consequent closed theory. One reasonably 
successful attempt to formulate a semi-empirical theory has been 
attempted by Prandtl in his mixing length concept.** Equation (9) 
can be rewritten as 
� +B,. == }y ()l�) + '9 [- j(u'v'J] 
Newton's simple viscosity law for laminar motion states that the 
viscous shear stress "r� is proportionate to the transverse velocity 
gradient, that is 
(10) 
where 1 denotes kinematic viscosity, a thermodynamic property of the 
fluid. In analogy, the apparent shear stress due to turbulence may 
➔fSchlichting, pp. 107-111. 
➔rnshames, pp. 320-327. 
6 
be written as. 
cJu 
,:. :: j Em. d � = - j ( u' v') (11) 
where £m is defined as a kinematic eddy viscosity in turbulent flow. 
This quantity is not a pure property of the fluid but rather a function 
of local conditions, perhaps specifically u. 
A physical explanation to Prandtl's mixing length concept should 
be made. He introduced a turbulent mixing l_ength which is simila.r to 
the mean free path in the kinetic theory of gases. Prandtl established 
a simple model, as shown in Figure 1, for momentum exchange in a trans-
verse direction where the non-uniform mean velocity distribution varied 
only from stream-line to stream-line. Macroscopic chunks of fluid 
fluctuate both longitudinally and transversely in the flow. The model 
assumes that, as these chunks move transversely, they retain their. 
original momentum parallel to the flow direction. In a simple view, it 
is assumed that there are two chunks of fluid at layers of (y+l) and 
(y-1), which have mean time average velocities of u(y+l) and u(y-1) re­
spectively. When these chunks arrive at layer y, a sudden exchange of 
momentum is believed to · take place with the fluid already at y. The 
longitudinal velocity difference between the fluid at y and the fluid 
arriving from y+l is then 
� Ci, = u ( !I + l) - Cl ( �) • (12) 
The term u(y+l) can be expanded in a Taylor series about y 
+ . • . • 
Since 1 is small, the higher order terms in the above equation can be 
YA 
J) __ ut.Y+l)___ -y 
U(Y) -+ ----�-� 
2 ) __ u(Y-t}__ ! 
Figure 1. Explanation of Prandtl's mixing length concept 
7 
8 
neglected and equation (12) then becomes 
(13) 
Similarly, the difference in the longitudinal velocity between the 
fluid at y and the fluid arriving from (y-1) can be expressed as 
(14) 
The velocity difference caused by the transverse motion can be regarded 
as the instantaneous longitudinal fluctuation velocity u' at y. The 
average magnitude of this fluctuation can be calculated as the mean 
value of the above velocity differences, equations (13) and (14) 
Since the transverse velocity component gives rise to the longitudinal -
velocity component, it can be assumed that I u 'I should be of the same 
order of magnitude as fv 'I expressed as 
IV'I = cons_� I u'I ==- const · l (�� J. 
If v' is negative, it means that fluid arriving from (y+l) to y is a 
faster fluid moving into a slower fluid region. This causes the mean 
velocity of u at y to speed up, so u' is positive. On the other hand, 
if v' is positive, this will induce a negative u' at y. Therefore, 
the product of u'v' is always negative. The shear stress can now be 
related· to the fluctuation velocities. It can be written as 
2 c.e-2 _ const • ,l (�) (16) 
where 1 is a unknown mixing length. The constant is allowed to be 
9 
absorbed in the yet unknown mixing length L, thereby giving 
(17) 
· From equation (11) the apparent shear stress may then be written as 
2-3 Velocity Distribution Equations. 
(1) Differential Equation. 
(18) 
From equation (17) a relationship between u and uT"vT" can be 
found. This relationship should now be substituted into equation 
(10), integrating it with respect to y. In doing so, dp/dx and Bx are 
to be no more than constants, whose summation will be replaced by A. 
Equation (10) then becomes 
.a r .dY z lW 2.J 
d� lA "'l + ! L <a�J 
Integrating, 
A • 
This says the total shear stress varies linearly with y. If an 
expression for mixing length L can be found the velocity distribution 
can be determined by the integration of �quation (19). 
(2) Prandtl's Velocity Distribution Equation. 
Prandtl assumed that the mixing length L was proportional to 
the distance from the wall in a region near the wall, so that 
(20) 
10 
where y is the distance from the wall and o( is a dimensionless con­
stant to be determined by experiment. Prandtl's assumption is 
certainly true at the wall because turbulent fluctuations are zero 
there. If attention is restricted to a turbulent region just outside 
·the very thin laminar sub-layer, the viscous shear stress can be 
neglected. Prandtl also assumed that the total shear stress remains 
constant near the wall and approximately equal to the wall value, Le. 
where� denotes the shear stress at the wall surface. Hence, equa­o 
tion (18) can be utilized for the turbulent region near the laminar 
sub-layer. It becomes 
(21) 
Integration of equation (21) yields 
(22) 
where D is the constant of integration determined from a boundary 
condition and u", called the wall friction velocity, has replacedj1f. 
Although the shear stress assumption was based on a region near the 
wall, most sources exhibit use of equation (22) for the whole region 
up to y= h, where h represents a half-width of a rectangular channel 
or the radius of a circular pipe. With the boundary condition u = u max 
at y = h the following velocity distribution equation was then established 
(23) 
ll 
This equation is invalid at both y =  0 and y = h. At y = h, the ve­
locity gradient does not go to zero as it should, and when y approaches 
zero, this equation becomes infini_te. 
(3) Von Karrnan's Velocity Distribution Equation. 
In his similarity hypothesis, von Karman�:- indicated that he 
could represent the turbulent mixing length by 
L =-< (24) 
where o( is again a constant as in equation (20). He also assumed 
that the total shear stress, T:,.+ ta, , is a linear function of the 
distance from the wall as would be indicated by equation (19), that is, 
where y is the distance from the wall and T: is the shear stress at 
the wall. Restricting attention to the turbulent region where the 
viscous shear stress is negligible, the following expression is ob­
tained from equation (18) 
(25) 
Integrating this equation yields 
-u_ lf2. ( E. + � � .... .E. n(� jlcl. _ £)] _ F � o1-• -� c.l[h. 11, Mi u"t h. h . 
�:-Schlichting, pp. 485-488 • 
(26) 
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The constants of integration, E and F, are determined by boundary con­
ditions chosen to be IT= Dmax at y =h and du/dy = ooat y = o. The 
final result of equation (25) is then 
(27) 
This equation is also invalid at y = 0 and y = h. At y = h, the mixing 
length L becomes zero which is not desired, and when y approaches. 
zero, this equation also becomes infinite. 
Equations (23) and (27) are in logarit:hmic form and are usually 
stated as logarithmic velocity distribution equations. 
2-4 Roughness Effect on Logarithmic Velocity Distribution Equations. 
No theoretical analyses of the effect of wall roughness on the 
development of the logarithmic velocity distribution equations have 
been reported in the literature searched. However, several investi-
gators have made allowances for wall roughness based on experimental 
data. Morrisi�- resolved the velocity distribution equation into three 
different regimes called smooth turbulent flow, normal turbulent flow, 
and hyperturbulent flow. In essence, the basic equation used by 
Morris in establishing the velocity distributions for these three 
regimes is equation (22). This may be rewritten in the form 
Ci =-1...' i+� 
V o< Nrl- n. � 
(28) 
where <i.= �• + ¼-.k h.. This equation is identical to equation (23) if 
G = Uma:x/u1*. For a smooth wall the value of o( in pipes has been 
{fMorris, Henry M. : 11 .Applied Hydraulics in Engineering" 
The Ronald Press Co. ,  New York, 1963, pp. 32-65. 
13 
experimentally determined by Nikuradse�� to be 0.40. Morris gives this 
equation as 
% = 2.5 .ti,¥+ 5. 5 = 5. 75 ¾o Y/'' -,.. 5. 5 (29) 
for smooth pipe flow. In rough turbulent flow, equation (28) was 
empirically modified to include the roughness effect of Nikuradse 1·s 
artificial sand grains. 
where K5 is a measure of average roughness particle height and the 
value of M was found to be 8.48 for normal rough turbulent flow. The 
value of the constant M for hyperturbulent flow was not determined. 
2-5 Critique of Prandtl's and Von Karman' s Theoretical Hypotheses. 
The analyses of velocity distribution described in the previous 
sections were derived for closed channel flow. The interest of this 
research project is specifically in open channel flow. Particular 
attention should be paid to this aspect. Keulegan** employed the 
same logarithmic velocity distribution equations used in closed channel 
flow, equations (29) and (30), for open channel flow. There are 
several weak points which are worthy of further note. 
The adaptability of the equations used in closed channel flow 
to open channel flow is rather questionable. There appears to have 
been no experimental verification of the _validity of these equations 
in open channel flow, while even the theory behind them for closed 
{fSchlichting, pp. 502-529. 
{rn Keulegan, Garbis H. : "Laws of Turbulent Flow in Open Channels" 
Research Paper RP 1151, National Bureau of Standards (U . S.), Vol. 21, 
December 1938, pp. 707-741. 
WILTON M. OP.IGGS LISP.ARY 
South D.::!.:ota StE':te Univers:ty 
Brookings, SD 57007-1098 
-- A....... 1 , .... 11\IC:D�ITV I 10.D � DY 
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channel flow is questionable. Thus, not only the applicability of the 
reference constant o( = 0. 40 but also the logarithmic shape of the ve­
locity distribution can be doubted. 
As was pointed out previously, the assumptions of constant shear 
· stress and L = o<y, which were assumed for small y only, were used 
incorrectly in equation (23). Equation (19) shows that total shear 
stress is not a constant but varies linearly with y. Measurements 
reported by Reichardt* (see Figure 2) and Laufer** show that total 
shear stress decreases linearly with y toward the center of a closed 
channel, also displaying agreement with equation (19). 
The mixing length L, described by Prandtl's mixing length con­
cept, is caused mainly by the difference in mean velocities existing 
at the two points distance L apart. This mean velocity difference 
gives rise to the transverse fluctuation v' which carries the fluid 
chunk over the distance L. Channel roughness also plays an important 
role. Turbulence becomes substantial just outside the laminar sub-
layer and thus, so should the mixing length. Prandtl assumed that 
L = o<y, which indicates that L is only a function of y and independ­
ent of any variation in flow conditions. Extending consideration to 
the center of the closed channel, this choice of L = «y would allow 
L to grow continuously toward the center of the cha..-rmel. Von Karman 1 s 
assumption, equation (24), indicates that L is a furction of the ve­
locity gradient and curvature and is independent of the magnitude of 
the velocity. But the condition du/dy = 0 makes L = 0 at y = h, while 
in the real case the mixing length is not zero at y = h. 
�}Schlichting, p. 466. 
�mp ai, p • 36. 
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28,-----r---,----r--���---
(f/5) 
24r-�----t-----+--"--------L--
l2•r------+-----
8;:+-----
4 a---------t-----+-----+-----i-�- --1 
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.4 .8 ,.o .. 6 .2 
l:L 
h. 
Figure 2. Measurement of apparent-shear stress distribution 
in a channel after Reichardt 
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In addition, it is not correct to determine the integration con­
stants described in section 2-3 for equation (26) with one of the 
boundary conditions being du/dy = 00 at y = O. In fact, du/dy should 
be finite and u = 0 at y = O. 
2-6 A Revised Physical Hypothesis for Open Channel Flow. 
Because of the questionable assumptions pointed out in the pre­
vious section, an attempt is made to re-formulate the correlations by 
a revised study of the mechanism of the open channel turbule.nce. The 
physical picture described by Prandtl is essentially unchanged, that 
is, Prandtl's mixing concept is chosen to be accepted. 
Obviously, the roughness at the wall affects the total shear 
stress. When flow separation exists behind the rough particles, the 
pressure distribution differs considerably between upstream· and down­
stream of the roughness particles, and a form drag about the particles 
is then created due to this pressure difference. In addition, these 
roughness particles create more turbulent eddies which are carried 
into the flow resulting in an enlarged mixing length L. The total 
shear stress may be thought of as being contributed to by three 
different effects: the viscous shear stress, the apparent shear stress 
and the roughness shear stress. The logical thing to do is to take 
the roughness shear stress into account in the total shear stress 
equation, that is, the differential equation (19). 
As indicated by equation (19) the total shear stress is a 
linear function of the distance y. Although not necessarily correct 
(it appears to be true in closed channel) , it will be simpler to let 
the total shear stress approach zero as y.h. Thus, the total 
17 
shear stress will vary linearly in y with a maximum f: at the wall and 
zero at the free surface. A modified form of equation (19) will be 
derived in which the roughness shear stress is included. 
tion has the form 
2-7 Revised Velocity Distribution Equation. 
This equa-
(31) 
In the following treatment the mixing length is not treated as 
a function of distance y but rather a linear function of the mean 
velocity. The reason for this choice is that the higher velocity 
exists in a region of higher turbulence outside the laminar sub-layer 
and, as previously mentioned, the mixing length is thought to be 
proportionate to the turbulence level. Thus, it may be assumed that 
L = k u (32) 
where k is a proportional constant, and has the units of time. 
As pointed out in section 2-6, the roughness shear stress exists 
because of the presence of protruding roughness particles in the bed. 
Since this roughness effect is at least partially felt in terms of a 
form drag, an attempt to formulate this roughness shear stress term 
is made by treating it with a form drag coefficient Cd while assuming 
that the channel bed consists of roughne�s shapes relatively easily 
described. The ratio of the total projected area of the roughness 
particles to the surface area of the bed, Ap / As, is used to account 
for the roughness distribution in the bed rather than simply a rough­
ness height as used in Nikuradse's work. Further, the roughness 
18 
effect is felt primarily only in the vicinity of the roughness particles. 
[ y �1 Thus, a diminishing function in y of the form 1-(h) is used as a 
multiplier in the roughness shear stress term, where n is an unlmown to 
be determined by experiment. The roughness shear stress term can then 
be assumed as 
, (33) 
Equation (31) can thus be rewritten as 
Equation (34) can be non-dimensionlized to read 
(35) 
by substituting the fTictional velocity at the wall, u* =/f, and the 
dimensionless quantities 8, 't, , Reh, P, Q, and R defined as: 
8 =. u/u➔�, If, ;; y/h, Reh = u3/--h/J1 , P ;:: h/ku*, Q = r./ju ➔f2, and 
R; ½cd (�/As). 
By solving this equation the velocity distribution can be expressed in 
terms of the wall shear stress. Unfortunately, this first order, second 
degree ordinary differential equation cannot be solved analytically in 
its fullest form. 
2-8 Velocity Profile Outside Laminar Sub-layer in Smooth Channel. 
If no roughness particles are present in the bed of the channel, 
·the roughness term in equation (34) is dropped since �=O. If 
attention is restricted to the turbulent region outside the laminar 
sub-layer, the viscous term in equatton (34) can be omitted. The 
general differential equation (34) can then be reduced to 
19 (36) 
which in the dimensionless form becomes 
2 
:: p " 
After integrating and determining the constant of integration with 
the boundary condition that 8 = 8
m=Dma:xf u* at '(, =l 
¾ . 'k }� 8 ;: { a:+ ;� [ ( 1-Q} -( I -Q '£) J 
This is the form of an approximate velocity distribution equation 
which holds for most of the flow region in a smooth channel. 
(37) 
CHAPTER III 
RESULTS AND COMPARISON OF VELOCITY DISTRIBUTION E(;JJATIONS 
3-1 Results of Derived Velocity Distribution Equations for Smooth 
Channel Flows. 
The disadvantage of the newly derived equation (35) is that no 
general solution can be integrated. Using the Runge Kut ta Method, {(­
nmnerical computations were performed with the IBM 1620 digital 
computer. �H(- Throughout the results the values of water density and 
dynamic viscosity remain at 1. 94 slugs/ft3 and 2. 34x10-5 lb-sec/ft2, 
respectively. 
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Figure 3 contains a plot of the shear stress distribution for a 
smooth channel flow which is in agreement with the shape measured by 
Reichardt and Laufer in Figure 2. From Figure 3, the distribution of 
the viscous shear stress shows that the laminar sub-layer is a very 
thin layer. 
The results of the velocity profiles calculated from equation 
(35) with different values of proportionality constant k are plotted 
in Figure 4. As seen in the figure, the velocity magnitude varies 
with k. It will be necessary, of course, to determine the appropriate 
k value by comparison to experimental results. As may be seen, how­
ever, the computations of equation (35) give smooth curves for the 
velocity profiles, which start from zero_ velocity at the wall and 
increase to their maxima with zero velocity gradient at the free 
�(-Stanton, Ralph G.: "Numerical Methods for Science and Engineering" 
Prentice-Hall, Inc. , Englewood Cliffs, New Jersey, 1961, pp. 151-154. 
1rnThe program for the computer is contained in the .Appendix. 
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Figure 4.  Illustration of the effect of the variation of· k in . equation (35 ) 
surface of the channel. This indicates that the results of equation 
(35) are able to satisfy the desired boundary conditions. 
The calculation of equation (37 ) ,  the approximate solution for 
smooth channel flow derived in section 2-8, is based on a known 
maximum velocity at the free surface as the boundary condition. The 
maximum velocity calculated from equation (35 )  was used for the com­
putation. Figure 5 indicates that this approximate velocity profile 
coincides with the profile from equation (35 )  over most of the flow 
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region except for a very small y near the wall, which is in agreement 
with the assumption of the derivation of equation (37 ) . 
3-2 Results of Derived Velocity Distribution Equation for Rough 
Channel Flows. 
The velocity distribution equation (35 )  was also solved for 
.rough channel flows. Figure 6 shows plots of velocity distributions 
for several roughness values. It may be seen that the profiles also 
give smooth curves, which start from zero velocity at the wall -and 
increase to their maxima with zero velocity gradient at the free 
surface of the channel. Figure 6 also shows that the velocity pro­
files become flatter in the larger distance of y, and the magnitude 
of the velocities become smaller when wall roughnesses become greater. 
This is in agreement with the actual cases. 
In Figure 7, it is seen that when all other data are fixed, the 
variation of the .parameter n may not only change the shapes of the 
velocity distributions , but may also change the magnitude of the 
velocities. The appropriate n value should rightfully be determined 
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by comparison to experimental results • 
. Figures 8 and 9 show the shear stress distributions for a 
particular roughness and demonstrate the effect of choice of the 
parameter n on the stress components. The roughness shear stress will 
contribute more when the n value becomes smaller. It must be reasoned, 
however, that a greater portion of the total shear stress should be 
contributed by the apparent shear stress term. Thus, a larger n is 
preferred. It may be noted that an increase in the value of �/As will 
also cause a rise in the contribution of the roughness shear stress to 
the total. Of course, it may be possible that the roughness shear 
stress term in the basic modified shear stress differential equation 
(31) needs further modification. 
3-3 Experimental Results Found in Literature. 
The verification of the validity of the derived equations should 
be determined by comparing them to experimental measurements. The 
unknowns k and n also need to be determined experimentally • .Although 
many results have been collected among experimental works and river 
measurements , no information concerning the degree and the shape of 
the wall roughness and no measurement in the small distance near the 
wall can be found except in the laboratory flume work done by Powell.�} 
He specified definite wall roughnesses of · a  rectangular open channel ; 
therefore , only his experimental results and the logarithmic velocity 
distribution equations can be compared with the newly derived 
*Powell , Ralph W. : "Flow in a Channel of Definite Roughness" 
Transactions of the American Society of Civil Engineers, 
Vol. 111 , 1946 , Paper No. 2276.-
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equations (35 )  and (37 ) at the present time. Although not of use in 
the present case, a typical profile from river measurement is plotted 
in Figure 10 to indicate the general shape of velocity distribution 
in river. 
Since Powell ' s  work gave the only pertinent experimental results 
to this study, his experiments should be described briefly in order 
to make suitable comparison with the present study. His results -were 
recorded from a flume which was 50 ft. long, 8 in. wide, and 7 in. 
deep. The definite wall roughness was provided by 1/4 in. and 1/8 in. 
square steel strips which extended down the sides and across the 
bottom. Eleven different arrangements of these strips were used to 
provide various artificial bed roughnesses as shown in Figure 11. 
Four different slopes of the flume (0. 0312, 0. 0080, 0. 0020, and 
0. 0005) were selected. A total of forty-six different profiles were 
recorded with various combinations of channel slopes and wall rough-
ness. 
Or
i
e thing that should be pointed out here about Powell' s 
experiments is that the 8 x 7 in. cross-sectional channel was not 
large, and the roughness strips which extended down the sides and 
across the bottom of the channel would probably produce a three 
dimensional flow picture, which is not desired in this analysis. 
3-4 Comparison of Velocity Distributions for Smooth Channel Flows. 
Figure 5 shows the comparison of the velocity distributions due 
to the logarithmic velocity equations (23), (27) and (29) and Powell's 
experimental profile with the newly derived velocity equations (35) 
and (37) for smooth channel flows. The profiles of equations (23), 
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(27), (35) and Powell's experiment have been given the same maxinrum 
velocity at y = h. On the other hand, equation (29) has been plotted 
as a result of using the same wall shear stress but allowing for the 
empirical constants as they appear in equation (29). 
The newly derived equation (35) appears to lie quite close to 
the experimental profile of Powell and generally has the same shape. 
These desireable characteristics are in addition to the fact that 
equation (35 ) will always satisfy the boundary conditions at y = o · and 
y = h as pointed out in section 3-1. 
Although the maximum velocity at y = h in the logarithmic veloc­
ity equations (23) and (27) are placed in agreement with equation (35) 
and Powell's profile, the shapes can only be forced to coincide over 
a limited range of distance y regardless of the choice of o( .  As 
pointed out previously, the most _ undesirable characteristic of these 
logarithmic equations is their failure to hold near y = 0 as becomes 
apparent in the figure. 
As may be seen in Figure 5, equation (29) shows a profile . for 
which the magnitude of all velocities substantially exceeds those of 
equation (35) or Powell's profile. Apparently, if Powell's data for 
the smooth channel flow can be taken as correct, the constant 5.5 in 
equation (29) is incorrect for open channel flows. 
It is further noted that for various values of wall shear stress, 
equation (35) would not yield a maximum �elocity in agreement with 
Powell's smooth channel profiles. This brings to light the possibility 
of the undesirable observation that the proportionality constant k 
will be variable, perhaps functionally dependent upon the wall shear 
stress • 
I 
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3-5 Comparison of Velocity Distributions for Rough Channel Flows. 
Figure 7 also shows the comparison between the velocity d�stri­
butions due to the modified lagaritbrnic velocity equation (30 ) ,  
Powell's experimental profile and the newly derived velocity equation 
(35) for rough channel flows. It is clear that neither equation (30 ) 
nor equation (35) is in agreement with Powell' s profile. It was 
pointed out in section 3-3 that Powell' s experiments would probably 
produce a three dimensional flow picture, which gives rise to a greater 
retardation in the velocity magnitudes. Thus , considering this 
argument , further consideration of Powell's rough channel flow results 
will be omitted. This means that an appropriate value of n cannot now 
be determined. 
The modified logarithmic velocity equation (30 ) in Figure 7 
appears to have a lesser maximum velocity and is considerably flatter 
over most y in comparison to the profile of equation (35) correspond­
ing to n =  40 and n = 100. By either adjusting n in equation (35) or 
the value of M in equation (30) the maxima can be made to agree but 
the shapes would remain different. A change in the constant o( in 
equation (30 ) could bring the shapes in better agreement. However , 
any of these suggested possible changes serves to no present advan­
tage since there exists no experimental data for verification. 
Something that might be said in support of equation (35) over 
equation (30) is, in addition to satisfaction of boundary conditions 
at y = o and y = h ,  that the shape and distribution of roughness parti­
cles are accounted for instead of only a fictitious equivalent roughness 
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height. In addition, as mentioned before, it seems appropriate to 
account for a roughness. effect in the basic differential equation 
rather than incorporating it empirically as a velocity defect effect. 
Since Powell's experimental results in rough . channel flows and 
the modified logarithmic velocity equation (30 ) are questionable, no 
reliable comparison can be made between them and the newly derived 
velocity equation (35 ) for rough channel flows. Thus, a verification 
of the respective theory presented in this paper can not be provided 
at this time. 
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CH.APTER IV 
SUSPENDED SEDIMENT CONCENTRATION DISTRIBUTION 
4-1 Einstein's Suspended Sediment Theory. 
In turbulent flow, the random motion of the fluid chunks across 
the fluid layers transport not only mass and momentum but also heat 
and dissolved and suspended matter, the latter constituting the 
suspended sediment. While being moved by the fluid, the solid parti­
cles, which are heavier than the fluid, tend to settle in the 
surrounding fluid. Only if the transverse exchange of the turbulent 
fluid motion is introduced to counteract the settling particles will 
it be possible to explain how any sediment particles can be permanently 
suspended and transported. Einstein'� approached this problem with an 
analogy to the momentum exchange -problem. 
In the two dimensional parallel fluid flow described in chapter 
II, the macroscopic chunks of fluid in turbulent flow move up and 
down through the layer as shown in Figure 1. If the exchange of 
fluid chunks takes place at elevation y, originating from y + 1 and 
y - 1, the suspended particles in these layers are considered to be 
transported by the fluid chunks. Consider the concentration of these 
particles at y to be Cy in units of mass per unit volume. The upward 
and downward mass rates of motion of part�cles per unit area and per 
unit time are respectively 
➔�Einstein, H. A.: "The Bed-Load Function for Sediment Transportation 
in Open Channel Flows" 1950, U. S. Dept. of Agr. Tech. Bull. 1026, 
70 p. (1951). 
and 
where vs is the settling velocity of the suspended particles of a 
given grain size . By continuity the net exchange of the suspended 
particles must be zero, that is 
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(38 )  
Expanding the sediment concentrations in Taylor power series and 
neglecting all the higher order terms, they can be expressed as 
and 
(39) 
(40) 
Introducing equations (39) and (40) , equation (38 )  can be rewritten 
as 
In equation (41), both v' and 1 are unknowns. This equation can be 
rewritten as 
where E =v 1 1 is defined as the sediment concentration diffusion s 
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(42) 
coefficient, and qs=Cyvs is the mass rate of the settlement of the 
suspended particles per unit area in the given level plane of the 
flow. For a turbulent flow outside the laminar sub-layer, the 
equation for momentum exchange can be utilized from equation (18) to 
read as 
(43) 
if the shear stress is assumed to be a linear function of distance y. 
If equation (42) is divided by equation (43) , it becomes 
= (44) 
Einstein assumed that the processes of suspended sediment diffusion 
and momentum exchange of the fluid are identical and thus it is 
assumed that the sediment concentration diffusion coefficient E s is 
equal to the kinematic eddy viscosity € m • Using equation (29) for 
the velocity distribution, the velocity gradient du/dy can be 
calculated as 
- (45 ) 
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Introducing equation (45) into equation (44) it becomes 
c; "s = - o. -4-o 'J u• b�!L .Jff (46) 
Separating the variables this equation can be integrated from some 
arbitrary level a to y, where both levels a and y are above the 
laminar sub-layer 
or 
J, � = l' Vs ... "" "� 
C O 4-0 lA '" ( :ii ) (h - cJ)  u . J :J a ;J a 
� - (� a ),.4ou* 
C,,. - !:1 I,. - a. 
(47) 
Since velocity distribution equation (29) was derived for 
smooth channel flow only, Einstein's suspended sediment concentration 
distribution equation (47) should also be restricted to smooth channel 
flow. Thus , if a constant settling velocity vs and a measured s·edi­
ment concentration Ca at y=a are known for a given particle size, 
then the suspended sedime.nt concentration distribution of the same 
particle size can be calculated. 
4-2 Suspended Sediment Theory Pertaining to Revised Velocity 
Distribution. 
As pointed out in section 2-5, the velocity distribution 
equation (29) is considered to be questionable in its application to 
open channel flow. Einstein utilized this velocity equation in his 
analysis of the suspended sediment concentration problem described in 
the previous section. He also made the ques�ionable assumption of 
the equality between E. s and E. m • 
Einstein ' s  theory may be revised to some extent to incorporate 
the revised velocity distribution theory described · in sections 2-7 
and 2-8. Considering first the smooth channel flow and restricting 
the applicability to the turbulent region outside the laminar sub­
layer, the velocity gradient can be found from equation (36) as 
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1! {¥-) 
f � 2 u 2 
(48 ) 
Assuming the ratio between sediment concentration diffusion coeffi­
cient E. s and kinematic eddy viscosity E m to be a constant }\ , 
equation (44) can be rewritten as 
:: - (49 ) 
Substituting equation (48 ) for du/dy into equation (49 ) , introducing 
the same dimensionless quantitie s 8 ,  t , P and Q as defined in 
section 2-7 , and defining 8 
8
==-v 8/u-3� and C:Cy/Ca where Ca is the 
suspended sediment concentration at level a from the channel bed, the 
equation can be non-dirnensionlized to read 
'/\ B/1 - 0. '1,  
(50) 
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Substituting equation (37) for 8 into equation (50), it then becomes 
(51) 
Equation (51) can not be readily integrated. Numerical computation 
may be carried out as necessary. 
In rough channel flow outside the laminar sub-layer, equation 
(43) should include its roughness term as in modified equation (31). 
Thus equation (43) would become 
(52) 
Using equation (32), the kinematic eddy viscosity can be written as 
(53) 
Although the analogy between equations (42) and (52) is now lost, it 
will still be chosen to let E. s
= � 6 m and consider that . the adjustment 
in suspended sediment concentration for rough channels will be accom­
plished by virtue of the different velocity distribution evolving 
from solution of equation (52). Substituting equation (53) for E m 
into equation (42) , the following expression is then obtained 
(54) 
The velocity and the velocity gradient in the above equation 
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are to be determined from equation (35 ) . Since confirmation of the 
validity of equation (-35) has not been made, there is no need to 
pursue this problem any further. Whenever necessary, equation (54) 
can be trEfated numerically after the numerical computation of equation 
(3 5 )  in order to determine the rough channel suspended sediment con­
centration distribution. 
Data collected for this study on suspended sediment concentra­
tion distributions are taken from river measurements. No laboratory 
work on this problem has been found. Since no information had been 
given concerning the degree and the shape of the roughness particles 
in the river bed, no comparison can be made with the revised theory. 
Further study on this problem should wait until the velocity problem 
is solved. 
- I 
5-1 Conclusion. 
CHAPTER V 
CONCLUSION AND RECOMMENDATION 
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The validity of the current theories concerning velocity and 
suspended sediment concentration distributions has been challenged. 
Many of the assumptions basic to the development of these theories· 
are untenable. When these theories are applied to practical problems 
the results obtained are often erroneous . This paper presents 
revised formulae based on more reasonable assumptions for the solu­
tion of problems of velocity and suspended sediment concentration 
distributions. 
When tested against the limited experimental data, the newly 
derived velocity distribution equations (35) and (37) appear to yield 
rather reasonable agreement. However, when equation (35) was applied 
to rough channels the results were not satisfactory. One reason for 
this would be that Powell's experimental results c0ntain the unde­
sirable three-dimensional effect of his narrow channel with side 
strips of roughness. Although a definite conclusion concerning the 
validity of the newly derived analysis cannot be made, it is felt 
that the basic physical model of the study is correct and the effect 
of wall roughness is appropriately accounted for in the differential 
equation of motion. 
In an effort to resolve the suspended sediment concentration 
problem, it is impossible to make any decisive conclusions before the 
velocity distribution problem is solved. Once this is accomplished, 
however , the velocity profile may be substituted into the differen­
tial equation (54) for sediment concentration with the hope of 
producing reliable results. 
5-2 Recommendation. 
The shortage of pertinent measurements of velocity distributions 
renders it impossible to make a fair comparison with the derived 
equations. It is thus recommended that more experimental measurements 
should be made from smooth and rough channel flows. 
It is proposed by Professors Burton E. Eno and Clayton W. 
Knofczynski that an experimental apparatus be set up in the Summer 
of 1966 to take sufficient measurements for the purpose of the 
comparison. Upon completion of this work, judgement may be passed 
upon the results of this paper. 
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APPENDIX 
The program for the IBM 1620 digital computer on the computation 
of velocity distribution equation (3 5 )  is presented here . The symbols 
used in the program are different from those defined in the nomencla-
ture . They are redefined as follows : 
AP = Ap AS = As -
CD = Cd CON , w, z = Constants 
DEN .= � EX = n 
HEI - h PC := k  
TW .= -ro us = u�-
VIS = ,M XI :: 't = y/h 
XY = y YI - 8 = u/u1* 
YPI  d 9/d '( YU =. U  
1 FORMAT (46H RUNGE KUTTA METHOD FOR VELOCITY DISTRIBUTIONS ) 
2 FORMAT (llH I CHUNG HO) 
3 FORMAT ( 5  F16 . 8 )  
DIMENSION TK (4)  
15  READ 3 ,  VIS , DEN , .AP, AS , CD 
READ 3 ,  PC , EX , CON , W, Z 
READ 3 , REI , TW 
SM=TW/HEI 
A= (HEP*HEI�*DEN ) I (Pc�-pc�cTW) 
B= (HEI�cSQRTF (TWcDEN) )/VIS 
C= (SWcHEI ) /TW 
D= ( CD1�AP )/ (2 . -:cAS )  
E=EX 
US=SQRTF (TW/DEN ) 
NC=O 
H=W 
16 XI=O 
YI=O 
YPI=B 
XY=XP-HEI 
YU=YI {}US 
PUNCH 3 ,  VIS , DEN , PC , EX 
PUNCH 3 ,  HEI , AP ,  AS , CD , TW 
PUNCH 3 , A ,  B ,  C ,  D ,  US 
PUNCH 3 , XI , YI , YP I , XY, YU 
17 XT=XI 
YT=YI 
00 20 M=l , 4  
R= (4 ._-i}Y'I'-l�YT-l} ( A-i}c -irXT+M1-D-l}YT•:}YT-M}D-lFXT -lrn ( 1 ./E ) -i:-YT -l}YT-A) ) 
IF (YT ) 44,  44 ,  46 
44 G=B 
GO TO 45 
46 G= (-.A/B+SQRTF ( ( A-l}A)/ (B 1}B )-R) )/ (2 . -l�YT *YT ) 
45 TK (M)=H-l�G 
IF (M-2 ) 19 , 19 , 18 
19 XT=XI+H/2. 
YT=YI-tirK (M)/2 .  
GO TO 20 
18 XT=XI+H 
YT=YI+TK (M) 
20 CONTINUE 
DY= (TK (l ) +2 . �:-TK (2 ) +2 • 1tTK (3 ) +TK (4)  )/6 . 
XI=XI-+H 
YI=YI+DY 
S= (4 . -�:-YI*YI 1* (A�*c �:-xI +A*D1tYI 1*YI-MtD1:-xr 1t* (1 ./E ) 1tYI�tYI-A) ) 
YPI= (-A/B+sQRTF ( (A�-A) / (B*B ) -S) ) / (2 . *YI 1*YI )  
XY=XP*HEI 
YU=YI -:*US 
21 PUNCH 3 ,  XI , YI , YPI , XY, YU 
IF (XT-Z ) 17 , 30, 22 
30 H=Z/2 .  
GO TO 17 
22 IF (XT-0 . 01 )  17 , 27 , 28 
27 H=l0 . 1*H 
GO TO 17 
28 IF (XT-0 . 2) 17 , 52 , 53 
52 H= 0 . 025 
GO TO 17 
53 IF (XT-1 . ) 17 , 54 , 54 
54 NC=NC+l 
IF (NC-2 ) 40 ,  /4]. , /4]. 
40 T=YI 
47 
W=W/2 . 
Z=Z/2 . 
H=W 
GO TO 16 
41 BC=.ABSF (T-YI ) 
IF (CON-BC ) 42 ,  43 , 43 
42 NC=l 
T=YI 
W=W/2 . 
Z=Z/2 . 
H=W 
GO TO 16 
43 PUNCH 3 ,  XI , YI , YPI 
GO TO 15 
END 
